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Abstract. The four-color theorem (4CT) was established by Appel and Haken in 1976, with
subsequent simplifications by Robertson, Sanders, Seymour, and Thomas in 1997, and a formal
Coq verification by Gonthier in 2005. All known proofs rely on machine-verified case analysis over
hundreds of unavoidable reducible configurations. The recurring question of whether 4CT admits a
structural proof, in a sense that avoids large-scale enumeration of bounded-radius configurations, has
motivated decades of attempts. We present a systematic survey of seventeen attempted structural
routes, organized via three operational definitions (S1)–(S3) of “structural,” and we classify their
failure modes. Our central contribution is a taxonomy: three obstacle families (A: reformulation
tautology, B: structure does not imply algebra, C: local versus global tension), and eight informal
meta-principles M1–M8 that articulate why broad classes of techniques cannot succeed. We do
not claim a proof of 4CT; instead we provide a structured negative survey, framed as an informal
Meta-Theorem candidate which records a ninefold exclusion that any prospective structural proof
must navigate. The taxonomy clarifies the epistemological landscape, identifies which existing tools
sit outside the candidate space, and isolates a single conditional reduction (4CT to Grötzsch, via
Tutte duality and edge-connectivity splitting) as the only route in our list that avoids all eight
meta-principles. We close with concrete open problems for rigorizing the Meta-Theorem as an
information-theoretic lower bound on structural proofs of 4CT.

1. Introduction

1.1. Background. The four-color theorem (4CT) asserts that every loopless planar graph admits
a proper vertex coloring with at most four colors. It was established by Appel and Haken [1] in 1976
with a proof depending on the verification of 1936 reducible configurations and 487 discharging rules;
this verification was beyond what a human could replicate by hand. Robertson, Sanders, Seymour,
and Thomas [25] reduced the count to 633 configurations and 32 discharging rules. Gonthier [16]
certified the proof inside the Coq proof assistant. Despite these milestones, 4CT remains the
canonical example of a result whose only known proofs rely fundamentally on machine-verified case
analysis.

A persistent question is whether 4CT admits a structural proof: a proof that does not depend
on enumerating bounded-radius configurations and is in principle verifiable by a human reader
within a moderate page budget. The question is open in the strongest possible sense. There is no
known structural proof, and there is no known formal lower bound ruling one out. The literature
is rich with partial frameworks (Tutte’s flow-coloring duality [30], Penrose’s tensor evaluation [23],
Kauffman’s bracket interpretation [20], Grötzsch-style reductions [17, 28]), but none has converted
into a complete proof of 4CT.
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1.2. Contribution. This paper does not prove 4CT. We undertake a different task: we present a
systematic obstacle taxonomy distilled from seventeen attempted structural routes, organized into
a coherent classification scheme. The contribution is fourfold.

(1) We give three operational definitions (S1)–(S3) of “structural proof,” arranged on a sliding
scale, so that subsequent claims about routes succeeding or failing have precise meanings.

(2) We exhibit a list of seventeen routes, each of which we have studied in sufficient depth
either to identify the obstruction or to certify it as a partial chain. Sixteen of the seventeen
routes fail outright; one (Route 2) provides a conditional reduction.

(3) We extract three obstacle families A, B, C and eight informal meta-principles M1–M8. Each
meta-principle is stated as an Observation (not a Theorem) accompanied by the concrete
routes that exhibit it.

(4) We articulate an informal Meta-Theorem candidate: any structural proof of 4CT must avoid
nine specific failure modes. This narrows the candidate space considerably and identifies a
single open route within our survey.

1.3. What this paper is not. We emphasize the negative scope. We do not claim that 4CT can-
not be proved structurally; the meta-principles are informal heuristic obstructions, not theorems
ruling out classes of proofs. Rigorizing the Meta-Theorem candidate as an information-theoretic
lower bound is left as an open problem. We also do not survey the entire literature on 4CT; our sur-
vey is restricted to the seventeen routes we examined, although these were chosen to span the major
existing technical paradigms (algebraic positivity, topological methods, polynomial categorification,
statistical mechanics, dynamics, sheaf-theoretic methods, and quantum invariants).

1.4. Why this kind of survey is useful. Negative surveys are unusual in mathematics, and we
wish to motivate ours. The 4CT literature exhibits a recurring pattern: an attractive technical
framework appears, partial connections to chromatic polynomials are established, an attempt to
push through to 4CT is made, and the attempt fails for reasons that are sometimes localized in
print and sometimes not. Without a unified taxonomy, every new attempt risks re-encountering
an obstacle already documented elsewhere. The benefit of a single classification is twofold. First,
it helps researchers entering the area gauge whether a candidate framework is structurally suited
to attack 4CT. Second, it isolates the residual options. If the eight meta-principles are correct,
then any future structural proof of 4CT must navigate a comparatively narrow corridor, and that
corridor can in principle be searched.

Our taxonomy is informal in a precise sense: each Mi is an Observation, not a Theorem. We
have made no attempt to convert M1 through M8 into formal impossibility statements, and we
conjecture that doing so would require nontrivial information-theoretic or model-theoretic input.
Section 9 formulates the rigorization as an open problem.

1.5. Outline. Section 2 fixes the operational definitions (S1), (S2), (S3). Section 3 surveys the
seventeen routes briefly, organized by the round in which they were investigated. Section 4 intro-
duces the three obstacle families A, B, C. Section 5 introduces the eight meta-principles M1–M8
with concrete instances. Section 6 states the Meta-Theorem candidate as an informal Observa-
tion. Section 7 flags Route 9 (Schnyder + Alon-Tarsi), where an apparently complete argument is
incompatible with Voigt’s counterexample to planar 4-choosability. Section 8 records the only con-
ditional reduction in our survey: 4CT follows from Grötzsch’s theorem via Tutte duality. Section 9
discusses limitations and open problems.

2. Operational definitions of “structural proof”

The phrase “structural proof” has no canonical meaning in graph theory. To make our subsequent
assessments meaningful we adopt the following three operational definitions, used as a sliding scale
of strictness.
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Definition 1 ((S1) Bounded unavoidable set with unified reductions). A proof of a statement Π
satisfies (S1) if it relies on at most a small finite list of unavoidable configurations, each handled
either by a single unified reducibility argument shared across the list, or by a verification fitting in
less than one page per configuration. Three sliding levels are useful:

• Strict (S1): at most 5 configurations, all reduced by one unified principle.
• Moderate (S1): at most 10 configurations; main reducers share a unified principle, with at
most a few small base cases handled separately.

• Loose (S1): at most 20 configurations; partial unification.

Definition 2 ((S2) Human-verifiable in moderate length). A proof satisfies (S2) if it can be verified
by a human reader within 100 pages of mathematical exposition without any computer-verified case
enumeration.

Definition 3 ((S3) Conceptual reduction). A proof of Π satisfies (S3) if it reduces Π to a strictly
simpler proposition Π′ that holds independently of Π, in such a way that the reduction itself is
short and conceptually unified.

These three are not equivalent. The Robertson-Sanders-Seymour-Thomas proof [25] arguably
satisfies neither (S1) nor (S2): it depends on 633 configurations and on machine verification.
Whether a given candidate proof of 4CT satisfies (S1), (S2), or (S3) becomes a matter of au-
dit against the definitions above. Throughout the paper, when we say a route fails, we mean it
provides no proof of 4CT under any of (S1), (S2), or (S3); when we say it succeeds conditionally,
we identify which level it would meet given an external auxiliary input.

Remark 4 (On the choice of three definitions). We have not chosen a single definition of “struc-
tural” because the existing literature uses the word in incompatible senses. (S1) reflects the spirit
of “no large case analysis”; (S2) reflects “verifiable in print by a human”; (S3) reflects “concep-
tual simplification”. A given proof can satisfy any nontrivial subset. Tutte’s theorem on flows
is (S1)+(S2)+(S3); the RSST proof of 4CT satisfies none of the three. Any survey of structural
attempts must commit to which of these is meant in any given evaluation, or risk vacuous compar-
isons.

Remark 5 (On the threshold 5 in (S1)-Strict). The choice of 5 as the threshold for (S1)-Strict is
calibrated against the extremes: a single-configuration proof would be trivially structural, while a
thousand-configuration proof would be trivially non-structural. Our experience across the seventeen
routes is that the relevant threshold is small (single digits) and not, say, hundreds. We invite
refinement.

3. Methodology: seventeen systematically attempted routes

The seventeen routes were investigated in five rounds of exploration. Each route was carried to a
level of detail sufficient either to identify a structural obstruction or, in the unique case of Route 2,
to certify it as a conditional reduction. Below we summarize each route in one paragraph.
Round 1.

Route 1: Penrose tensor positivity.: Penrose [23] introduced an evaluation Psgn(H) of
cubic plane graphs H, with the property that Psgn(H) > 0 if and only if H admits a Tait
coloring. The route attempts to prove positivity directly via a recursive expansion. The
recursion contains alternating signs, and there is no closed-form positive recursion known.

Route 2: Tutte flow + Grötzsch reduction.: Combining Tutte’s cycle-cocycle duality [30]
with the Grötzsch theorem [17, 28] yields a reduction of 4CT to Grötzsch’s theorem on
triangle-free planar graphs. This is the unique route in our list that succeeds conditionally;
see Section 8.
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Route 3: Minimal counterexample + unifying identity.: Listing the structural prop-
erties (P1)–(P6) of a hypothetical minimal counterexample (cubic, internally 6-edge-connected,
no separating short cycles, etc.) and combining with a candidate algebraic identity on the
cycle space. The candidate identity is equivalent to 4CT itself; the reduction is circular.

Round 2.

Route 4: Thomassen potential method.: Thomassen’s 5-list-coloring proof [27] uses a
potential argument with a +1 list-margin. Pushing the same template down to the 4-list
level requires a margin that does not exist; Voigt’s counterexample to planar 4-choosability
[33] blocks this.

Route 5: Entropy compression / Lovász Local Lemma.: LLL-style arguments [14, 22]
provide proper-coloring guarantees in the regime k > C∆ where ∆ is the maximum degree.
By LLL, k-coloring requires ep(∆+1) ≤ 1, i.e., ∆ < k/e−1+o(1); for k = 4, ∆ < 4/e ≈ 1.47.
Plane triangulations are dense and locally low-degree only on average; the LLL margin
demands ∆ < 1.47 for k = 4, far below the actual range.

Route 6: Tropical / chromatic amoeba.: The dual symmetry of the multivariate Tutte
polynomial recovers Tutte 1954 duality; no independent algebraic input is gained.

Round 3.

Route 7: Hodge of matroids / Bergman fan.: The Hodge-theoretic positivity results of
Adiprasito, Huh, and Katz [2] and Brändén and Huh [8] establish log-concavity of various
combinatorial sequences. Applying log-concavity to the chromatic polynomial does not
yield P (G; 4) > 0 because log-concavity (a quadratic inequality) does not imply positivity
at a fixed evaluation point.

Route 8: Lovász topological method.: Lovász [21] and Babson–Kozlov [5] provide topo-
logical lower bounds on chromatic numbers. Csorba’s universality theorem [13] shows that
Hom-complexes can have arbitrary homotopy type, blocking any topological upper bound
of comparable strength.

Route 9: Schnyder + Alon-Tarsi.: An apparently complete argument combining Schny-
der labelings [26] with Alon-Tarsi [4] appears to prove 4-choosability for 3-connected plane
triangulations, contradicting Voigt [33]. We flag this in Section 7.

Route 10: Discrete Morse on coloring complex.: Forman’s discrete Morse theory [15]
encodes critical cells as homotopy invariants of a complex of partial colorings. A critical
0-cell exists if and only if a 4-coloring exists; the framework produces a tautology.

Route 11: Potts model at Q = 4.: The Potts partition function specializes to the chro-
matic polynomial at integer Q. The point Q = 4 is the accumulation point of Beraha
numbers Bn = 2 + 2 cos(2π/n) [6], sits at g = ∞ in the Potts-vertex correspondence
Q = 2 + 2 cos(π/g), and is the classical limit of the quantum group Uq(sl2) at q = 1. All
natural deformation parameters degenerate at Q = 4.

Route 12: Lorentzian polynomials.: Brändén and Huh’s framework [8] requires sign re-
strictions on coefficients; the chromatic polynomial fails them.

Route 13: Glauber dynamics.: Vigoda [32] and others established rapid mixing of Glauber
dynamics on k-colorings under conditions on k versus ∆. Mixing speaks to motion within
the state space and is logically orthogonal to the question of whether the state space is
non-empty.

Round 4.

Route 14: Khovanov chromatic homology.: Helme-Guizon and Rong [18] categorify the
chromatic polynomial. The natural “special” evaluation points for any polynomial cate-
gorification are roots of unity; q = 4 is arithmetically generic in this framework.
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Route 15: Crane-Yetter TQFT at level 4.: The Crane-Yetter 4-manifold invariant [12]

at root of unity q = eiπ/n tracks Beraha-type structure. Roberts [24] showed the invariant
trivializes at relevant levels for our purposes.

Round 5.

Route 16: Hyperpfaffian / higher-tensor methods.: Generalizing Kasteleyn’s Pfaffian
framework [19] to a 4-tensor (hyperpfaffian) yields an invariant whose plane-specific ob-
struction lives in Hk(S2) for k = 4, and so vanishes by dimension. The plane-specificity of
the original Pfaffian framework does not transfer.

Route 17: Sheaf cohomology on S2.: Cellular sheaves of 4-colorings on the plane embed-
ding give an invariant that depends on the face vector and so is embedding-dependent. The
chromatic polynomial P (G; q) is, however, an abstract graph invariant. Computation on
K4 exhibits the mismatch: the Euler characteristic of the constructed sheaf is 40, while
P (K4; 4) = 24.

3.1. What “round” means. We organized the investigation in five rounds because each round
was launched with a specific design hypothesis. Round 1 tested the most natural algebraic and
combinatorial tools (Penrose, Tutte+Grötzsch, minimal counterexample). Round 2 tested proba-
bilistic and tropical tools (entropy compression, list-coloring potentials, tropical amoeba). Round 3
tested topological, Hodge-theoretic, statistical-mechanics, and dynamics tools (Hodge of matroids,
Lovász topological, Schnyder + Alon-Tarsi, discrete Morse, Potts at Q = 4, Lorentzian polyno-
mials, Glauber). Round 4 tested categorification (Khovanov chromatic homology) and quantum
invariants (Crane-Yetter at level 4). Round 5 was launched to test whether a constraint-driven de-
sign from the obstruction map of Rounds 1–4 would produce new candidates; the resulting routes
(hyperpfaffian, sheaf cohomology) failed but yielded the new meta-principles M7 and M8.

3.2. Coverage of the survey. The seventeen routes do not exhaust the technical paradigms
relevant to 4CT, but they span the major ones. Notable techniques that we have not treated
in depth include: (i) flag-algebra methods for chromatic densities; (ii) graph polynomials beyond
Tutte and chromatic (e.g. Bollobás-Riordan, interlace); (iii) algorithmic compression beyond Moser-
Tardos; (iv) combinatorial topology beyond Hom-complexes (e.g. Vassiliev-style stratified spaces,
although Route 17 makes contact with this); (v) physical methods beyond Potts (e.g. Yang-Baxter
/ integrability beyond the Beraha picture). We expect at least some of these to fall under existing
meta-principles, but we make no formal claim.

4. Three obstacle families

The seventeen routes cluster naturally into three obstacle families.

4.1. Family A: Reformulation tautology. Routes belonging to this family rephrase 4CT as
the positivity of an algebraic invariant, but the verification of positivity is then equivalent to a
verification of Tait coloring existence; no new tool is gained.

Observation 6. Routes 1, 6, and 10 fall in Family A. Penrose evaluation positivity is equivalent
to Tait-coloring existence by construction; the dual symmetry of the multivariate Tutte polynomial
recovers Tutte 1954 duality directly; the existence of a critical cell in the discrete Morse complex of
partial colorings is, by Forman’s homotopy invariance, equivalent to the existence of a 4-coloring.

The structural reason is that the plane embedding enters the algebraic formalism only through
a sign convention or a duality relation, neither of which constitutes an independent positivity
instrument.
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4.2. Family B: Structure does not imply algebra. Routes in this family enumerate structural
properties of a hypothetical minimal counterexample (e.g., minimum degree, edge-connectivity,
absence of separating cycles), but the gap between such structural lists and the algebraic constraint
encoded by a proper 4-coloring is too large to bridge with the proposed identity.

Observation 7. Routes 3 and 4 fall in Family B. Route 3’s candidate cycle-space identity is
equivalent to 4CT itself. Route 4’s potential argument requires a list-margin that does not exist for
k = 4, and Voigt’s example [33] forecloses any uniform extension.

The structural reason is that any reduction from a structural property list to algebraic positivity
must introduce a non-trivial intermediate layer; this is exactly the role played by Tutte duality and
Grötzsch’s theorem in the conditional Route 2.

4.3. Family C: Local versus global tension. Routes in this family deploy frameworks whose
strength is intrinsically local (entropy compression, Markov-chain dynamics on a dependency graph)
and so cannot capture the planar globality (Euler relation, Jordan curve theorem) which is the
source of 4-colorability.

Observation 8. Routes 5 and 13 fall in Family C. The LLL margin demands ∆ < 1.47 for k = 4,
far below the actual maximum degrees of plane triangulations. The Glauber chain’s stationary
distribution exists if and only if the state space of 4-colorings is non-empty; mixing arguments are
tautological in the existential direction.

The structural reason is that LLL and dynamics are designed for sparse high-domain CSPs
(k ≫ ∆), whereas 4CT is a dense low-domain problem.

4.4. Cross-cutting comments. The three families are not exhaustive of the eight meta-principles
below. Rather, the families capture the most visible failure modes seen on the surface of a route,
while the meta-principles M1–M8 unpack the technical reason a given family is not bridgeable in the
4CT context. For example, both Route 7 (Family A in spirit) and Route 11 (statistical-mechanics
flavor) end up obstructed for distinct reasons (M1 versus M3); the family classification alone is not
sufficient to articulate either.

A useful diagnostic question for any future framework is: which of the three families would the
framework most naturally fall into, and which meta-principles would it confront? An honest answer
constrains the framework’s prospects for proving 4CT, and indicates where new technical input is
needed.

5. Eight meta-principles

We now state eight informal meta-principles (Observations, not Theorems) that articulate, in
more precise terms than the obstacle families, why broad classes of techniques fail. Each meta-
principle is stated together with the concrete route(s) that exhibit it.

5.1. M1: Quadratic-vs-linear-alternating mismatch.

Observation 9 (M1, informal). Any proof of 4CT proceeding through a quadratic positivity frame-
work (Hodge inequalities, log-concavity, Lorentzian polynomials, positive semi-definiteness, sums of
squares) faces a structural obstruction: quadratic inequalities do not imply positivity of an alter-
nating sum at a fixed evaluation point.

Concrete instance. Route 7 attempts to derive P (G; 4) > 0 from log-concavity of the chromatic se-
quence. The chromatic polynomial’s coefficients alternate in sign, and log-concavity of the absolute
values does not control the sign-alternating sum at q = 4.
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Schematic articulation. Let Pn,+
lc denote the set of R-sequences (a0, . . . , an) with aiai+2 ≤ a2i+1

and ai > 0, and let P4+ denote the set of polynomial coefficient sequences (b0, . . . , bn) such that∑
bi4

i > 0. Then log-concavity of |ai| does not determine the sign of
∑

bi4
i once the sign pattern

bi = (−1)n−iai is imposed.
Why this matters for 4CT.. The chromatic polynomial P (G; q) =

∑n
i=0(−1)n−iaiq

i has alternating-
sign coefficients, and 4CT is the assertion that the value at q = 4 is positive. Quadratic positivity
tools (Hodge of matroids, Lorentzian polynomials, sums of squares) control the magnitudes of
consecutive coefficients via inequalities of the form aiai+2 ≤ a2i+1. They give no leverage on the
sign-alternating sum P (G; 4). Adiprasito-Huh-Katz [2] is genuinely deep, but its consequences for
4CT are only those that can be extracted from log-concavity of |ai|. For us, M1 records precisely
the impossibility of such extraction.

5.2. M2: Topological asymmetry of chromatic bounds.

Observation 10 (M2, informal). Topological methods (Borsuk-Ulam, Lovász neighborhood com-
plex, Hom-complexes) provide lower bounds on chromatic numbers via obstructions to maps. There
is no analogous mechanism providing topological upper bounds on chromatic numbers.

Concrete instance. Route 8 uses Hom-complex methods. The Lovász proof [21] of the Kneser
conjecture is a paradigmatic chromatic lower bound. Csorba’s universality theorem [13] states
that any finite CW-complex appears as the homotopy type of some Hom-complex, foreclosing any
uniform upper bound flowing through Hom-complex topology.
Schematic articulation. There is no functor Φ : Graph → Top and topological property P (formu-
lated without graph data) such that Φ(G) ∈ P implies χ(G) ≤ k for some fixed k.
Why this matters for 4CT.. The Lovász-style topological method captures the obstruction-theoretic
flavor of chromatic numbers: a topological complex carries enough information to certify that no
proper k-coloring exists when k is too small. The dual question—can a topological complex certify
that a proper k-coloring does exist?—is structurally different. Existence of a proper coloring is an
obstructed-extension question (extend a partial coloring to all vertices), and the relevant topological
data is a fillability condition. There is no general fillability theorem analogous to Borsuk-Ulam,
because the obstruction theory in the chromatic setting is one-sided: nontriviality of homotopy
classes of maps prevents contractions, but contractibility of an associated complex does not in
general guarantee a coloring extension. M2 records that this asymmetry is structural and not
merely a defect of currently available tools.

5.3. M3 and M6: Critical parameter degeneracy and the Beraha–Crane-Yetter corre-
spondence.

Observation 11 (M3, informal). Many natural deformation parameters with respect to which the
chromatic polynomial is studied have q = 4 at a degenerate point: q = 1 in the quantum group
Uq(sl2) classical limit, g = ∞ in the Potts Q = 2 + 2 cos(π/g) correspondence, c = 1 in the central
charge of an associated conformal field theory, and B∞ = 4 at the accumulation point of Beraha
numbers.

Observation 12 (M6, informal). The Beraha numbers Bn = 2 + 2 cos(2π/n) correspond to roots

of unity q = eiπ/n where quantum-group representation categories acquire their critical structure.
Any quantization of the Penrose evaluation reduces, near a Beraha point, either to spin-1 chromatic
data or to the Q = 4 Potts model. This is the quantize-Penrose impossibility.

Concrete instances. Routes 11, 12, and 15 are all instances of M3 (Potts at Q = 4, Lorentzian
polynomials with the chromatic sign restriction, Crane-Yetter at level 4). Route 15 is the source of
M6.
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Why this matters for 4CT.. Quantum-group methods, conformal field theory, and statistical me-
chanics each provide a deformation parameter that controls a family of invariants. At a generic
value of the parameter, the family is rich; at a critical value, the family degenerates. The natural
way to use such a framework to study 4CT is to specialize the deformation parameter so that the
partition function reduces to the chromatic polynomial. Unfortunately, this specialization sends
the framework to its critical value at exactly the same time as it accesses 4CT: the controlled tools
all degenerate together. M3 records a uniform reason that, across multiple frameworks, this is not
a coincidence but a structural feature of the value 4.

5.4. M4: Dynamics inadequacy.

Observation 13 (M4, informal). Markov chain Monte Carlo dynamics (Glauber, Swendsen-Wang)
describe motion within the state space. The question is the state space non-empty? (which is 4CT)
is logically orthogonal. Any chain-based proof of 4CT must either be an algorithmic construction
(existing outside the dynamics framework) or a tautology.

Concrete instance. Route 13. Vigoda [32] and successors give rapid mixing for k > (11/6)∆; this
is conditional on existence of k-colorings, hence not informative about 4CT.
Why this matters for 4CT.. The dynamics framework is a powerful tool for sampling and counting
proper k-colorings when they are known to exist in abundance (e.g. when k > (11/6)∆, where
the state space is connected and the chain mixes rapidly). It is at most a derived tool when the
question is whether the state space has an element at all. A rapid-mixing certificate for k-colorings
of plane triangulations would not constitute a proof of 4CT for the obvious reason: the certificate
itself would assume non-emptiness of the state space, which is the proposition under proof.

5.5. M5: Categorification evaluation mismatch.

Observation 14 (M5, informal). Polynomial categorification lifts a polynomial to a chain complex.
The natural special evaluation points in such a framework are roots of unity (where representation-
theoretic phenomena occur). q = 4 is arithmetically generic in any standard polynomial categorifi-
cation: not a root of unity, not a Beraha accumulation point, not a self-dual point.

Concrete instance. Route 14 with chromatic homology of Helme-Guizon and Rong [18]. The same
observation applies to Tutte-polynomial categorifications and to magnitude homology.
Why this matters for 4CT.. A categorification typically replaces a polynomial invariant by a chain
complex whose graded Euler characteristic recovers the original invariant. The behavior at a
generic point of evaluation reduces to the polynomial value, while the behavior at special points
(typically roots of unity) acquires extra algebraic structure—e.g. relating the categorified invariant
to a representation theory of a quantum group at a root of unity. The integer 4 is, in any standard
polynomial categorification of the chromatic polynomial, a generic evaluation point. There is no ap-
parent quantum structure to leverage at q = 4 specifically, and so the categorification typically just
recovers P (G; 4) without extra inequalities. M5 records a structural reason why categorification,
as a generic tool, does not assist with the specific evaluation P (G; 4) > 0.

5.6. M7: Embedding-dependence versus abstract-graph-invariance tension.

Observation 15 (M7, informal). The chromatic polynomial P (G; q) is an abstract graph invariant:
it does not depend on a chosen embedding into S2. Any cellular sheaf or stratified construction on
S2 is, by contrast, embedding-dependent. The two cannot agree; a cellular sheaf categorification of
P (G; q) on a plane embedding is structurally impossible.
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Concrete instance. Route 17. For K4 embedded in S2, a candidate cellular sheaf FK4
4 has Euler

characteristic χ(FK4
4 ) = qV − q(q− 1)E +

∑
f |Cnf

| = 16− 72+ 96 = 40, while P (K4; 4) = 24. For

K4: V = 4, E = 6, F = 4 (all triangular). At q = 4: vertex stalks qV = 4 · 4 = 16; edge stalks
q(q − 1)E = 12 · 6 = 72; face stalks |C3| = q(q − 1)(q − 2) = 24 per face,

∑
f = 4 · 24 = 96. The

discrepancy reflects the dependence of the formula on the face vector {nf}, which P (G; q) does not
see.
Successful categorifications must avoid this. Helme-Guizon and Rong’s chromatic homology [18] is
indexed by edge subsets, which are abstract graph data; this is consistent with M7.
Why this matters for 4CT.. A natural strategy for adapting a powerful sheaf-theoretic or stratified
tool to 4CT is to use the plane embedding as the source of stratification. The faces of the embedding
partition S2, and a cellular sheaf assigns local data (e.g. a vector space of partial colorings) to each
face. The hope is that the global sections recover the chromatic polynomial P (G; q). M7 records
the structural obstruction: P (G; q) is invariant under the choice of plane embedding (whenever one
exists), but the constructed cellular sheaf depends on the face vector {nf}. The two cannot be in
canonical correspondence, and the calculation on K4 disproves any naive attempt to identify them.
This does not preclude all sheaf-theoretic methods, but it forces them to be indexed by abstract
graph data (e.g. edge subsets, vertex subsets, spanning subgraphs), not by plane cells.

5.7. M8: Pfaffian sweet spot / higher-tensor trivialization.

Observation 16 (M8, informal). The Pfaffian (rank-2) framework of Kasteleyn [19] for plane
perfect matchings has a face-condition obstruction lying in H2(S2;Z2), which is plane-specific (it is

trivial for S2 but Z2g
2 for higher genus surfaces). For higher-tensor analogues (hyperpfaffian on a

4-tensor), the analogous obstruction lives in Hk(S2) for k ≥ 3, which vanishes by dimension. The
plane-specificity of Kasteleyn’s framework is therefore not inherited by higher-tensor analogues.

Concrete instance. Route 16. The hyperpfaffian on a 4-tensor candidate invariant for plane 4-
colorings has obstruction in H4(S2) = 0; the plane-versus-higher-genus distinction is collapsed.
Schematic articulation. The Pfaffian rank-2 structure is uniquely dimensionally compatible with
the plane: H2(S2;Z2) encodes orientation data of S2, but Hk(S2) vanishes for k ̸= 0, 2. Higher
tensor degrees are trivialized.
Why this matters for 4CT.. It is tempting to pass from Kasteleyn’s theorem (Pfaffian computation
of plane perfect matchings) to a 4-tensor analogue (“hyperpfaffian”) tailored to 4-colorings, on the
grounds that 4-colorings are constrained by a 4-fold local condition at each face. The proposal
stumbles because the obstruction to a sign-coherent assignment in the 4-tensor case lives in a
cohomology group Hk(S2) for k ≥ 3, which is zero by dimension. A hyperpfaffian invariant would
not distinguish the plane from any orientable surface of higher genus and so cannot capture the
plane-specificity of 4CT. The Pfaffian sweet spot is genuinely at rank 2, and there is no obvious
successor.

6. The ninefold exclusion: an informal Meta-Theorem candidate

We now consolidate Sections 4 and 5 into a single informal Observation that we call the Meta-
Theorem candidate. The reader should bear in mind that this is not a theorem: each of M1–M8
is informal, and the conjunction below records a heuristic obstruction list that any prospective
structural proof must navigate, not a formal lower bound.

Observation 17 (Informal Meta-Theorem candidate). Any proof of 4CT must either

(1) directly confront the global structure of sign-alternating cancellation in the chromatic poly-
nomial (without reducing to a purely local argument or a purely algebraic restatement),
or

(2) invoke a global topological invariant satisfying all nine of the following conditions:
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(a) it is not a quadratic-positivity instrument (M1);
(b) it is not a topological lower-bound dual (M2);
(c) it is not located at the deformation-critical point q = 4 (M3 and M6);
(d) it is not a dynamics-style local update (M4);
(e) it is not the generic-point evaluation of a polynomial categorification (M5);
(f) it is not a structural property checklist on minimal counterexamples (Family B);
(g) it is not a reformulation that reduces back to Tait-coloring existence (Family A);
(h) it is not a cellular sheaf indexed by plane cells (M7);
(i) it is not a higher-tensor framework with a face-condition obstruction in Hk(S2) for

k ≥ 3 (M8).

The Meta-Theorem candidate articulates a ninefold exclusion. The 9-fold exclusion combines 8
meta-principles (M1–M8) with 1 family-level constraint (avoiding Family A reformulation tautol-
ogy), giving 9 total exclusions. In our list, no route satisfies all nine constraints. Route 2 is excluded
from the candidate space because it does not invoke a single global topological invariant; it instead
reduces to a strictly weaker statement (Grötzsch’s theorem on triangle-free planar graphs), which
is itself not a structural algebraic invariant in the relevant sense.

Remark 18. The Meta-Theorem candidate is not a theorem. Each Mi is an informal Observation,
and the list of conditions in Observation 17 is an empirical conjunction extracted from seventeen
routes, not the conclusion of a deduction. We propose, as an open problem, the question of rigorizing
the candidate as an information-theoretic lower bound on structural proofs of 4CT (Section 9).

7. Special epistemic flag: Route 9

Route 9 deserves a separate flag. A prima facie complete argument combines Schnyder labelings
of 3-connected plane triangulations [26] with the Combinatorial Nullstellensatz of Alon and Tarsi
[4, 3]. The argument appears to certify 4-choosability for 3-connected plane triangulations of order
at least four, which is in direct conflict with Voigt’s counterexample [33] establishing that planar
graphs are not in general 4-choosable.

The conflict cannot be resolved without identifying a precise location at which the argument
fails. After deep literature study [9, 10], the failure is located at the step that asserts Dint =
T1 ∪ T2 ∪ T3 is acyclic. This is false in general. Each individual tree Ti is acyclic, and any pairwise
union Ti ∪ Tj is acyclic (Kozik–Podkanowicz 2023, Proposition 2.12), but the full three-way union
generically contains directed cycles. Brehm 2000 established that the internal 3-orientations of a
plane triangulation form a distributive lattice under directed-cycle-reversal moves; non-acyclicity
is the rule, not the exception.

The Eulerian sub-digraph count is therefore not trivially EE − OE = 1 − 0 = 1, and the naive
Alon-Tarsi argument cannot conclude 4-choosability.

Remark 19. This bug location is precisely why Kozik–Podkanowicz 2023 obtain the bound
AT(planar) ≤ 5 rather than ≤ 4: their construction doubles the red tree’s edges, raising the
maximum augmented in-degree from 3 to 4, so the final bound is 4 + 1 = 5. The doubling is
necessary precisely to kill the Eulerian sub-graphs arising from the directed cycles in Dint.

The Voigt–Mirzakhani counterexamples [33, 11] can be triangulated to 3-connected plane triangu-
lations that remain non-4-choosable (adding edges only restricts list-colorability), so the conjecture
“AT(G) ≤ 4 for 3-connected plane triangulations” is provably false. Route 9 records the heuris-
tic that an apparently complete argument deploying only tools of long standing is more likely to
contain a subtle bug than to disclose a missed opportunity, but locating the bug precisely required
specialized literature knowledge beyond first-principles reasoning.
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8. The conditional reduction: 4CT from Grötzsch via Tutte duality

Route 2 is the sole route in our survey that succeeds conditionally. We sketch the reduction here
at a level sufficient to recognize its structure; technical details are deferred to a companion paper.

8.1. The chain. The reduction proceeds in five steps:

(1) (4CT-V) is equivalent to (4CT-F) via Tutte’s flow-coloring duality [29, 30], where (4CT-F)
is the assertion that every bridgeless planar graph admits a nowhere-zero Z2 × Z2-flow.

(2) (4CT-F) on bridgeless planar graphs reduces to (4CT-F) on 4-edge-connected planar graphs
by 2-edge-cut and 3-edge-cut splitting. The gluing is governed by the transitive action of
S3 on (Z2 × Z2) \ {0}.

(3) A plane graph is 4-edge-connected if and only if its dual has girth at least 4 (i.e. is triangle-
free).

(4) Grötzsch’s theorem [17] (in Thomassen’s short proof [28]) asserts that every triangle-free
planar graph is 3-vertex-colorable, hence 4-vertex-colorable.

(5) Tutte’s duality returns a nowhere-zero 4-flow on the primal.

8.2. Status under (S1)/(S2)/(S3). The reduction itself uses no case enumeration: it is a clean
group-theoretic argument with three unavoidable splitting types each handled by an S3-action ar-
gument. Under (S1)-Strict (at most 5 unavoidable configurations under a unified principle) the re-
duction is clear. The bottleneck in (S1)-Strict compliance is Grötzsch’s theorem itself: Thomassen’s
short proof uses approximately 7–8 unavoidable configurations, which is above the strict threshold
of 5. Under (S1)-Moderate (at most 10, with main reducers unified and small base cases handled
separately), the chain is compliant. Under (S2) (less than 100 pages, no machine verification), the
chain is compliant unconditionally. Under (S3) (reduction to a strictly simpler proposition), the
chain is compliant unconditionally: 4CT reduces to Grötzsch’s theorem.

Observation 20. Route 2 provides an unconditional (S2)+(S3)-compliant reduction of 4CT to
Grötzsch’s theorem. Its (S1)-compliance status depends on a sliding-scale audit of Grötzsch via
Thomassen’s short proof.

The reduction provides a roughly 80-fold compression in unavoidable configuration count com-
pared to RSST (633 versus 7–8), and the chain itself is approximately 30–50 pages including
Grötzsch.

8.3. Why Route 2 alone among the seventeen. A reader who has followed the meta-principles
in Section 5 may ask why Route 2 succeeds (conditionally) while every other route fails. The answer
is that Route 2 does not attempt to invoke a single global topological invariant satisfying all nine
conditions of Observation 17. Instead, it adopts the alternative branch: it directly confronts the
global structure of 4CT by transferring it (via duality and connectivity reduction) to a strictly
weaker proposition (Grötzsch’s theorem) which is itself amenable to a (S2)-compliant proof. The
transfer mechanisms (Tutte duality and edge-cut splitting) avoid the meta-principles by being
algebraically light: duality is a Whitney-type identity (no quadratic positivity, no critical-parameter
degeneracy), and the splitting is governed by S3 on (Z2×Z2)\{0} (no dynamics, no categorification,
no cellular sheaf). In this sense, Route 2 escapes the Meta-Theorem candidate space rather than
living within it.

8.4. Limits of the conditional reduction. A natural follow-up question is whether Grötzsch’s
theorem itself admits a (S1)-Strict structural proof. We do not address this question here. Thomassen’s
short proof [28] is the most concise existing proof; whether the configuration count of 7–8 can be
further reduced (e.g. by a more clever potential argument or list-coloring framework) is an open
question of independent interest. If it cannot, then Route 2 yields a conditional structural proof at
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the (S1)-Moderate level but not (S1)-Strict, and the open problem of an (S1)-Strict proof of 4CT
remains.

9. Discussion

9.1. Limitations. The meta-principles M1–M8 are informal Observations, not theorems. They
articulate what we have observed across seventeen routes but do not exclude unidentified frame-
works. The Meta-Theorem candidate (Observation 17) is a heuristic conjunction. Any of the
meta-principles could in principle be circumvented by a method we have not enumerated, and
the boundaries of each Mi (e.g. what counts as a “quadratic positivity framework” for M1, or a
“higher-tensor framework” for M8) are not formalized. We invite future work to rigorize each Mi
as a precise theorem stating that no proof of 4CT exists within a precisely formulated class.

9.2. Open problems.

(1) Rigorize the Meta-Theorem candidate as an information-theoretic lower bound: any proof
of 4CT must contain Ω(?) bits of case-specific information.

(2) Determine the (S1)-status of Grötzsch’s theorem under Thomassen’s short proof. The
answer affects whether Route 2 yields a strict (S1) reduction.

(3) Identify (or rule out) a global topological invariant satisfying all nine conditions of Obser-
vation 17.

(4) Settle the (S1) status of weaker variants of 4CT, such as the assertion that 3-connected plane
triangulations are 4-choosable on a specific list-class (a conclusion that Route 9, properly
corrected, does support).

9.3. Relationship to Hadwiger and Tutte-Beraha. Hadwiger’s conjecture for k = 5 asserts
that every graph without K5-minor is 4-colorable; via Wagner’s theorem [34], this is equivalent
to 4CT. Hadwiger for k ≥ 6 has been derived from 4CT (with significant additional input) and
is irrelevant to a structural proof of 4CT itself. The Tutte-Beraha conjecture [31, 6] asserts strict
positivity of the chromatic polynomial of plane triangulations on the interval (Bn,∞); at Q = 4
the Tutte-Beraha conjecture coincides with 4CT and so cannot be invoked, while Q > 4 is covered
by Birkhoff-Lewis [7]. None of our seventeen routes uses Tutte-Beraha to prove 4CT.

9.4. Relationship to ongoing work. We have framed Route 2 as a partial conditional reduction;
a companion paper develops the technical details of the 2-edge-cut and 3-edge-cut splittings via
the S3-action and audits Thomassen’s short proof of Grötzsch under (S1)-Moderate.

Summary. We have surveyed seventeen attempted structural proofs of 4CT and classified their
failure modes into three obstacle families and eight informal meta-principles. The conjunction of
these obstructions is a ninefold exclusion that any prospective structural proof must navigate. Of
the seventeen routes, sixteen fail outright; the seventeenth (Route 2) yields a conditional reduction
of 4CT to Grötzsch’s theorem, whose (S1)-status is itself a meaningful open problem. The taxonomy
is offered as a clarification of the epistemological landscape, not as a substitute for a structural proof.
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[14] P. Erdős and L. Lovász, Problems and results on 3-chromatic hypergraphs and some related questions, in: Infinite

and Finite Sets, Colloq. Math. Soc. János Bolyai, vol. 10, North-Holland, 1975, 609–627.
[15] R. Forman, Morse theory for cell complexes, Adv. Math. 134 (1998), 90–145.
[16] G. Gonthier, Formal proof—the four-color theorem, Notices Amer. Math. Soc. 55 (2008), 1382–1393.
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